IWASAWA )\ INVARIANT AND MASSEY PRODUCT

PEIKAI QI

ABsTrRACT. We compute the Iwasawa A-invariant in terms of Massey prod-
ucts in Galois cohomology with restricted ramification. Applied to imaginary
quadratic fields and cyclotomic fields, this approach yields a new proof and a
generalization of results by Gold [Gol74] and McCallum—Sharifi [MS03|. The
main tool is the generalized Bockstein map introduced by Lam, Liu, Sharifi,
Wake, and Wang |Lam-+23|.

1. INTRODUCTION

1.1. Background. Let K be a number field and K € K; C Ky C --- C K; C
-+ C Ko be a Zy-extension of K. Define X = @Cl(Kﬂ[p‘”], where C1(K;)[p™]
denotes the p-primary part of the class group of K;. Let ¢ and X denote the Iwasawa
invariants of X. Our goal is to relate the value of A to the vanishing of Massey
products, under the assumption that p = 0.

Massey products in Galois cohomology were introduced in number theory to
study the structure of Galois groups. We will give their definition in Section [2:2]
One may view Massey products as a generalization of cup products in cohomology;
for instance, the cup product is a 2-fold Massey product.

The idea of using Massey products to study Iwasawa theory first appeared in
Sharifi’s work [Sha07]. McCallum and Sharifi proved that, under certain assump-
tions, Iwasawa invariant A > 2 if and only if a specific cup product vanishes for
cyclotomic fields [MS03, Proposition 4.2]. Similarly, Gold’s criterion |Gol74] can
be reinterpreted in terms of group cohomology: it also states that, under suitable
assumptions, Iwasawa invariant A > 2 if and only if a certain cup product vanishes
for imaginary quadratic fields. Although these two results are proved by completely
different methods, they share the same underlying form. Our goal is to uncover the
deeper reason behind this phenomenon.

Our main theorem unifies these two results and, when specialized to these cases,
provides their generalization. Roughly speaking, we prove that under suitable as-
sumptions, if A > n — 1, then A > n if and only if a certain Massey product
vanishes.

For readers familiar with Massey products, we highlight some differences that
should be noted. In the Massey products vanishing conjecture of Jan Mina¢ and
Nguyén Duy Tan [MT17|, the phrase “Massey products vanish” means that zero
is in the set of the Massey products relative to all defining systems. In contrast,
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in this paper, “Massey products vanish” means that the Massey product vanishes
relative to a particular defining system, which we call the proper defining system.
Furthermore, Mina¢ and Tén work with Massey products in absolute Galois groups,
whereas we study Massey products in Galois groups with restricted ramification.

1.2. Strategy and Notation. The strategy of this project is divided into four
steps.

(1) The Iwasawa invariants A and Ags.
Let S be the set of primes of K lying above p, and set

Xes = @Cls(fﬁ)[pm],

where Clg(K;)[p*] denotes the p-primary part of the S-class group of Kj.
Let pes and Aes be the Iwasawa invariants associated with the Iwasawa
module X ;.

Define D; to be the subgroup of C1(K;)[p®°] generated by the primes in
S. Then we have the exact sequence

0—>h¢nDl—>X—>Xcs—>O.

Thus, A can be related to A.s once @Dl is understood.
(2) The size of H*(G K, s, ttp) and Aes.
Let K¢ be the maximal extension of K unramified outside S, and set
Gk, s = Gal(Kg/K;). By the Kummer theory, we have the exact sequence

0 — Cls(K))/p — H*(Gx, 5, 1p) — Br(Or,[1/p])[p] — 0.

One can refer to the beginning of Section[4]for the definition of Br(Ox[1/p]).
To obtain information about A.s, it suffices to understand the size of Clg (K;)[p>].
Hence, this requires information about the size of H*(Gk, s, ip)-
(3) The generalized Bockstein map and the size of H*(Gr, s, tip)-
By Lam, Liu, Sharifi, Wake, and Wang |[Lam+23, Theorem 2.2.4], we
have the following formula:
I"HE (G5, 1tp) o H* (G55 p1p)

[HH, (Grosopy)  Imwt)

where I is the augmentation ideal of F,[[Gal(K;/K)]], and
v HY (G g, pp @ I /T — H* (G s, 1)

is the generalized Bockstein map defined in [Lam-+23].
This gives rise to a filtration

HIQW(GKI,S?/’LP) ) IHIQW(GKhS)u’p) ) IQHI2W(GK17SMHP) 20D InHIQW(GKhS)H’P) o

Once the sizes of H?(Gk.s, 1) and Im @™ are known, this filtration de-
termines the size of HZ (Gk,.s, ip)-
(4) The generalized Bockstein map and Massey products.
In Lam, Liu, Sharifi, Wake, and Wang |[Lam—+23], it is shown that, under
certain circumstances, the image of the generalized Bockstein map, Im ¥(™) |
is spanned by specific n-fold Massey products.
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1.3. Main Theorem and Corollaries. As noted above, our strategy does not
rely on the Iwasawa Main Conjecture. The Iwasawa A-invariant we compute is the
algebraic Iwasawa A-invariant. Following this strategy, one of our main theorems
can be stated as follows:

Theorem 1. Let K C Ky C Ky C -+ C Ky be a Zy-extension of K, and let S
be the set of primes of K lying above p. Assume that all primes in S are totally
ramified in Koo/K. Put X.s = @CIS(KZ)[p“], and let p.s and M. denote the
Twasawa invariants of X.s. Assume that X.s has no finite A := Z,[[T]]-submodule
and that H*(Gk.s, pip) = Fp.

Then pies = 0 if and only if there exists an integer k such that U*) £ 0. More-
over, if pies = 0, then Aes = min{n | U £ 0} — #5 4 1.

Remark 1. The paper is part of the author’s thesis, and the results of the paper have
been partially generalized by the preprint |[RS25|. Here, we impose the condition
H?(Gk s, pp) = Fp to simplify the statement and make it easy for us to develop
a numerical criterion. In [RS25|, they do not require H*(Gg, s, p1p) = F,. Hence,
they also do not develop the numerical criterion. See the remark [I5] for a detailed
discussion on the condition H*(Gk.s, tip) = Fp.

When a Galois group A acts on the Iwasawa module X = Jim Cl(K,,), this action
induces a decomposition X = @, e, X. The techniques used to prove Theorem
can be applied in the same way to compute the Iwasawa invariants \; of ;X (see

Theorem .

We apply Theorem [I]in several cases throughout the paper. In the introduction,
we list two examples corresponding to the settings of the results of Gold |Gol74]
and McCallum—Sharifi [MS03|.

Theorem 2. Let K be an imaginary quadratic field, and assume that p does not
divide the class number hx and that p splits in K as pOg = poPo. In the cyclotomic
Z,-extension of K, the A-invariant can be determined in terms of Massey products
as follows:
Let n > 2, and suppose that A > n — 1. Then X > n if and only if the n-fold
Massey product
(X?X""7X7a)
—_——
n—1 copies
vanishes with respect to a proper defining system.
Here x is the character x : Gix,s — Gal(Ko/K) = Zp, and « is the generator
of the principal ideal p’o”(.

Remark 2. Equivalently,

A= min{ n | the n-fold Massey product (x, X, ..., X, «) is nonzero }
Remark 3. It is known that A > 1 in this case. Gold’s criterion |Gol74] states that
A>2 < o’ ' =1 (mod p?).

Further calculations show that
o’ '=1 (mod p3) < log,(a) =0 (modp?) <= yUa =0,

where log,, denotes the p-adic logarithm. Thus, the theorem may be regarded as
both a new proof and a generalization of Gold’s result.
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Theorem 3. Let K = Q(up), and let w : Gal(Q(up)/Q) = (Z/pZ)* — Z, be
the Teichmiiller character. Then the p-primary part of the class group admits the
decomposition

QAp™] = =™,

where
1 =,
g = ] w'(a)o, ' € Z,[Gal(Q(k,)/Q)].
Let \; denote the Iwasawa A-invariant corresponding to €;C1(K;)[p™].
Fizi e {3,5,...,p— 2} and assume that ¢;Cl(K)[p™] is cyclic. If ;C1(K)[p] =
Fp, we can define o; as a lift of a generator of ¢;C1(K)[p] by the map e, H (G s, p1p) —
g;Cl(K)[p].

Letn>2. If \; >n—1, then

a=1

Aizn = &G X--xa) =0
———
n—1 copies

for the n-fold Massey product with respect to a proper defining system.

Remark 4. The assumption ¢;Cl(K)[p] = F, implies that A; > 1 in this case. Note
that &;Cl(K)[p] is cyclic if Vandiver’s conjecture holds. The theorem further
shows that

Ai>2 <= gi(x,a;) =0 <= xUq; =0.
Proposition 4.2 of McCallum—Sharifi [MS03]| establishes a similar criterion, namely
Ai > 2 <= xUa; =0. Thus, the theorem may be viewed as a generalization of
their result.

1.4. Structure of the paper. In Section [2] we discuss the generalized Bockstein
map introduced by Lam-Liu-Sharifi-Wake-Wang [Lam+23|, and recall its relation
to Massey products. We also prove that the generalized Bockstein map preserves
group actions. In Section [3| we establish a formula for determining the size of the
second cohomology group using the generalized Bockstein map. In Section [ we
apply this formula to number theory in order to prove the main theorem. We then
present four cases where the theorem yields interesting results. The first three cases
concern cyclotomic Z,-extensions of imaginary quadratic fields, while the final case
concerns the cyclotomic Z,-extension of a cyclotomic field. In the first case, we also
develop a numerical criterion for determining the A-invariant, which spans about
ten pages. For a first reading, the reader may wish to skip this numerical criterion.

2. GENERALIZED BOCKSTEIN MAP AND MASSEY PRODUCT

2.1. Generalized Bockstein map. In this section, we recall the definition and
properties of the generalized Bockstein map from [Lam+-23|.

Recall that a profinite group G is p-cohomologically finite if G has finite p-
cohomological dimension and H'(G, M) is finite for every finite Z,[G]-module M
and ¢ > 0. As in the setup of [Lam+23], we always assume the profinite group G is
p-cohomologically finite and of p-cohomological dimension d, and let N be a closed
normal subgroup such that G/N is a finitely generated pro-p group. In our paper,
we always take G/N = Z, or G/N = Z/p'Z, but the definition of the generalized
Bockstein map works more generally in [Lam+23].
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Let Q = F,[[G/N]] denote the completed group algebra, which is naturally a
G-module. Let o be a topological generator of G/N, and let I = (0 — 1) denote the
augmentation ideal in . For 0 < n < #(G/N), we have the following short exact
sequence of G-modules:

0— I"/I" — Q/I" T — Q/I" — 0.

After tensoring with a finite F),[G]-module T', the sequence remains exact since all
the modules above are [F,-modules:

0— I"/I"" @p, T — Q/I"™ @5, T — Q/I" @5, T — 0.

For 0 < n < #(G/N), we define the generalized Bockstein map ¥ to be the
connecting homomorphism in cohomology:

v NG, QI e T) — HYG, I"/[" @ T).
Since I™/I™*! is a trivial G-module, we have a natural isomorphism

HYG, /1" oT) 2 HY(G,T) I"/I".
We set W(®) = 0. Recall that the Iwasawa cohomology groups are defined by
H{ (N, T) = L&n H"(U,T),
N<U<°G

where the inverse limit is taken with respect to corestriction maps and U runs over
all open normal subgroups of G containing N. In particular, if G/N is finite, then
Hi (N,T) = HYN,T). In the work of Lam-Liu-Sharifi-Wake-Wang |Lam+23|,
the following fundamental result was established:

Theorem 4 (Theorem A in LLSWW|Lam+23|). For each 0 < n < #(G/N), there
is a canonical isomorphism of F,-modules

I"HE (N, T) _ HYG,T)®I"/I"

" HL (N, T) — Im ¥(n) ’

where d denotes the p-cohomological dimension of G.

Remark 5. Sharifi [Sha22| also applies Theorem A in LLSWW |Lam+23| to number
theory, where he gets a six-term exact sequence.

For the remainder of this subsection, we establish an equivalent formulation of the
isomorphism above. Specifically, we decompose the cohomology group into a direct
sum of eigenspaces with respect to a certain group action. On each eigenspace, the
same type of isomorphism continues to hold. However, verifying that the generalized
Bockstein map ¥(") is compatible with this group action is somewhat tedious.
Readers who wish to avoid these technical details may proceed directly to Remark 3]

We always take continuous cochains without mentioning it in the paper.

Lemma 5. Suppose G/N = Z,, and let U; be the unique open normal subgroup of
G containing N such that G/U, 2 Z/p'Z. Let T be a finite F,[G]-module. Then

Colnd§, T := Homy, (Z[G],T) = F,[G/U)] @x, T
as F,[G]-modules. By Shapiro’s lemma, we obtain an isomorphism

HT(UZ,T) = HT(G, FP[G/UI] ®Fp T)
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Proof. Write G = |_|fl:1 U,o;, where {0;} is a set of right coset representatives of U;
in G. Define a homomorphism

a : Homg, (Z[G], T) — Fp[G/U] ®@F, T
by

pl
= 5, @07 ¢(o0),
=1

where 7; denotes the image of o; in G/Uj.
We first check that the map « is independent of coset representatives. Suppose
we take another set of right coset representatives hUi with h; € U;. Then

pl

> 67 bt @ oy by g (hios) 5t ® (03),
i=1 i=1
since ¢(h;0;) = hip(0;).
Then we check the map « preserves the G-action. Recall that the action of g € G
on ¢ € Homyy,(Z[G],T) is given by

(99)(x) = d(xg),
while the action of g € G on 2?1:1 0; @t; € Fp[G/UY] @F, T is

=L

pl 1
g(za'i(@ti) =Y o @ gts.
=1 =1

Then

l
'
Z g¢ Uz 2671 ®o0; ¢(Uzg)
i=1 i=1
Write 039 = hio5(;) for some h; € Uj, where § is a permutation of {1,... ,p'}. Then

07 ' 9(0ig) = 07 $(hioss) = 07 hid(0s)) = 975D (050
and moreover .
o' = (hios@g™") =305

Hence

p! '

alge) =Y §os0 @ gosi d(osim) = 90, ® go; ' d(ov),
i=1 i=1
since ¢ is a permutation. Thus « is G-equivariant.
Finally, it is straightforward to check that « is bijective; one can also write down
its inverse explicitly.
Therefore « is an [, [G]-isomorphism, and hence, CoIndgl T = F,[G/U)@s, T
as Fp[G]-modules. O

We have computed H"(U;,T). We now turn to the computation of Hf, (N, T).
For this we need the following result of Tate |Tat76].

Proposition 1. Let ¢ > 0, and let M = @Ml where each M is a finite discrete
G-module. If H=1(G, M;) is finite for every I, then

HY(G,M) = @H%G,Ml).
l
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Lemma 6. Let G/N = Z,, and let U; be the unique open normal subgroup of G
containing N such that G/U, = Z/p'Z. Let T be a finite F,[G]-module. Then
Hf,(N,T) = H"(G, Fy[[G/N]] @r, T).
Proof. By lemmal[p]

HI (N, T)= 1
N<

=

H"(U,T)
°G

H"(G,F,|G/U)] @r, T)
°G

y_ ]FP[G/UI] QF, T)
N<U;<°G
— H'(G,F,[[G/N]) @, T).

To prove the third equality, it suffices to verify the hypotheses of Proposition
First, note that F,[G/U;] ®p, T is a finite module. Second, by |Lam+23, Propo-
sition 2.2.2], we know that H*(U;,T) = H'(G, F,[G/U)] ®p, T) is a finitely gen-
erated F,[G/U;]-module for all ¢ > 0 . Since F,[G/U;] is finite, it follows that
H'(G, F,[G/U)] @g, T) is finite as well.

For the last equality, observe that T is a finite-dimensional vector space over IF),.
We have

1

-
IA

L

Il
T::

Z
IA
o~
1A

1

=H"(G

3
—~

%n(FP[G/Ul] ®r, T) = F,[[G/N]| ®p, T
as [Fp-modules. Moreover, this isomorphism is compatible with the G-action, and

thus it is an isomorphism of I, [G]-modules.

O
Remark 6. We have
lim Colndg, T := lim Homzy, (ZG, T) = F,[[G/N]] @g, T.
l 1
However, in general CoIndg T := Homyy(ZG,T) is not isomorphic to @1 CoIndgl T.

This is one reason why we separate the proofs of Lemma [5| and Lemma [6] For the
same reason, we often write our induced module in the form Q ® T rather than
HOHIZUL (ZG, T)

Let ¢ be a group containing G and N as normal subgroups such that 4/G = A
is abelian and ¢4/N is also abelian with 4 /N = A@®G/N, where G/N is a finitely
generated pro-p quotient. Let T be an Fp[¢]-module and set Q = F,[[G/N]]. We
now define an action of A on

H'(G,Q®T), H'(G,I"/I"oT), H(G,Q/I"®T), and H'(G,T),

and show that the generalized Bockstein map (") preserves this action. In this
paper, we specialize to the cases G/N = Z, or G/N = Z/p'Z. However, the setup
applies more broadly.

Theorem 7. The generalized Bockstein map U™ is A-equivariant.

Proof. Recall the action of 7 € 4 on an element ), 5; ®t; € Q® T is given by

T(ZO}‘@Q) = Za'i®7'ti.
% [
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Recall that the action of g € G on Q ® T is given by

g(Z@‘ ®ti> = Z?@ ® gt;.
i i

These two actions differ when 7 € G C ¢, but they coincide when 7 € N C ¢.
For every 7 € ¢, we obtain: a group homomorphism

a:G— G, g|—>TflgT,

and a module homomorphism
B:QT — QRT, ZO’M@Q’%T(ZO}@E),
i i

which are also compatible with each other in the following sense.

B (a(g) (Z 0 ® t)) =B (Z”g” @7 lgr m—)

K3

= ZW&,; & T(Tﬁlthi)

=Y goi®g(rt)
%

)

By the functoriality of cohomology |[Mil20, Chapter 2, p. 66], we obtain a ho-
momorphism H"(G,Q®T) — H"(G,Q®T), which defines an action of 4 on
H(G,QeT).

Note that the actions of 7 € ¢4 and g € G on Q®T coincide whenever 7 € N. By
a standard fact [Mil20, Example 1.27(d), p. 67], the induced action of 7 € N C ¢4
on H"(G,Q®T) is trivial. Consequently, the action of 4 on H"(G,Q ® T) factors
through /N = A®G/N. In particular, we obtain an action of A on H" (G, Q®T)
by identifying A with a subgroup of ¢4/N.

Similarly, the action of ¢ on Q/I" @ T and I"/I"*! @ T is defined in the same
way. These actions are compatible with the short exact sequences. In other words,
for every 7 € ¢ we have the commutative diagram

0 —— I"/I"M QT —— Q/I"' QT —— Q/I"®T — 0

y Iy I

0 —— I"/I""' T —— QI T —— Q/I"®T —— 0.

Let --- — ZG% — 7ZG%-1 ... & ZG%®? — ZG — Z — Obea
projective resolution of Z as a Z[G]-module. Then («, 8) defines a homomorphism
of complexes

Hom(ZG%* Q@ T) — Hom(ZG®* Q& T), ¢ — Bodoak,
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for each k. This, in turn, induces a homomorphism between two short exact se-
quences of complexes:

0 — Hom(zG®* 1m/1"*"' @ T) — Hom(ZG®*,Q/I"t' @ T) — Hom(ZG®*,Q/I" @ T) — 0

| | |

0 — Hom(zG®* /1"t @ T) — Hom(ZG®*, Q/I1"t' @ T) — Hom(ZG®*,Q/I" @ T) — 0.

By the functoriality of cohomology, we obtain a homomorphism between the
corresponding long exact sequences:

e — HY(G,Q/I"1®T) — H™(G,Q/I"®T) — H™ (G, 1*/I""1eT) — -

| | l

e — HY(G,Q/I"M®T) — H™(G,Q/I"®T) — H™HY(G, /1" eT) — ---

Each column defines an action of 7 € ¢, and these actions are compatible with
one another. In particular, since the generalized Bockstein map is the connecting
morphism, we have

UM (r¢) = 70 () forall g € H VG, T @ Q/I™).

As before, all actions factor through ¢ /N, which induces an action of A on the co-

homology groups. Therefore, the generalized Bockstein map ¥(™) is A-equivariant.
O

Remark 7. By Lemmal5] we have an isomorphism Homgzy, (ZG, T) = F,[G /U@,
T. Under this identification, the action of 7 € ¢ on ¢ € Homgy, (ZG, T) corresponds

to (7¢)(9) = To(r7"gT).
Remark 8. The induced action of A on the cohomology groups is a left action.

We now introduce a convenient notation for elements in €2, which will simplify
future calculations. For simplicity, assume G/N = Z, or 7.)p'7Z, and let o be a
generator of G/N. Set 2 = 0 — 1, so that [ = (o — 1) = (x), and

] iGNz,

~ JFp
Q =F,[[G/N]] = {m}/w’ ) i G/N=Z/yZ.

Elements in Q ® T can be written as
S oot= Y s on-Yaiou

for some ¢; € T. Let x : G — G/N = Z,, or Z/p'Z be the canonical projection.
Then the action of g € G on Q ® T' can be expressed as

g(Z 2’ ®wi> =Y 1+ @gy = Y '@ (Z (ngg)> g(/}ik) :
i i % k=0

2.2. Massey products. In this section, we recall some basic facts about Massey
products, defining systems [LM21; MT17|, and proper defining systems [Lam-+23]|.
For further references, see also |[Kra66; Dwy75|.
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We first recall the classical definition of Massey products in group cohomology.
Let A be a commutative ring with trivial G-action and the discrete topology. By
INSWOS|, the complex of inhomogeneous continuous cochains

c* =PpckG. 4

k>0

forms a differential graded algebra (DGA) over A, equipped with the cup product
U and the differential

d:C" — C"H,
satisfying the Leibniz rule
d(aUb) = (da) Ub+ (~1)Fa U (db), a€C¥,
and d? = 0. The cohomology groups are then given by
H"(G, A) = kerd" /imd™ .

Let U,11(A) denote the group of (n 4+ 1) x (n + 1) upper triangular matrices
with diagonal entries equal to 1, and let Z(U,11(A)) be its center. Explicitly,
Z(Up+1(A)) consists of matrices with 1 on the diagonal and all entries zero except
possibly in the (1,7 + 1)-position. Set Up41(A) = Up41(A)/Z(Uns1(A)).

Let x1,X2,---,Xn be elements of H'(G, A) = Hom(G, A). A defining system
with respect to (x1,...,Xn) is a homomorphism p : G — U,41(A) such that
Pii+1 = Xi, Where p; ; denotes the composition of p with the projection onto the
(i,)-entry of U,,1(A). One can check that

Z p1,5(91) Pjn+1(92)

Jj=2

defines a 2-cocycle in C2(G, A) representing an element in H?(G, A). We denote this
cohomology class by (x1,X2,---,Xn)s and call it the Massey product with respect
to the defining system p. By [Dwy75|, the Massey product (x1,...,Xn)s vanishes
if and only if p can be lifted to a homomorphism p : G — U,+1(A).

Here, a defining system p € Hom(G,U,;1(A)) can be viewed as a degree-one
cocycle in CY(G,U,41(A)), where G acts trivially on U, ;(A). In general, the
action of G on the ring A may not be trivial. In this case, one can define defining
systems as degree-one cocycles in the same spirit, which allows for applications in
more general settings. Moreover, one can also define the defining system for the
generalized matrix algebra U(A). For details, see [Lam-+23]. The paper |[RS25|
also has a section on the defining system for the generalized matrix algebra, which
is essentially the same as [Lam-+23|. Here, we directly borrow the definitions and
notations from Section 3 of |[Lam+-23| without repeating them.

However, our notion of proper defining systems differs slightly from the definition
in [Lam+23|. We provide a new definition of proper defining systems below. We
take the same meaning of the modules 77 and T5 and their pairing as in Section 3
of [Lam+23].

Definition 1. Let x € H'(G,T}) and vy € H'(G,T»). A defining system p :
G — U(A) with respect to (x, X, ..., X, %o) is called a proper defining system if p
—_—

n copies
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has the following matrix form:

Lox ) () () -
01 x (@) G dun
P=10 0 0 1 x (X e
00 0 0 1 x
00 0 0 0 1
oo o o 0 0 1

Remark 9. In [Lam+23|, a proper defining system is defined by first dividing the
matrix into four blocks, as in Lemma [§] They then fix the upper-left and lower-
right blocks, allowing the upper-right block to vary. Our definition can be viewed
as a special case of this construction. Specifically, we fix and explicitly specify the
first (n + 1) x (n + 1) block, while allowing the last column to vary except for the
entries 1 and ).

Remark 10. If the Massey product (x, X, . . ., X, %) with respect to a proper defining
—_—

n copies
system vanishes, we construct a proper system for (x,x,...,X,%0) by put (¥) in
—
n—+1 copies

the first line. This simple observation gives us a way to proceed from A > n — 1 to
A > n and from (=1 o @) by induction.

The following Lemma [§] and Remark will only be used in the section of
numerical criterion. One can skip if not interested in the numerical criterion.

Lemma 8. Let p: G — U,y be a defining system. We can write the homomor-
phism p as a block matriz:

__[A, Bum
P=10 D,

where A,, 15 a n X n matriz and DTE 1S a m X m matriz. Bn,m s an X m matrizc
without (n,m)-entry. Let p' : G — Uy, be another defining system with the same
first n columns and last m rows as p, i.e.

,_[A. B,
=10 b,

Then

Ay Bum + Bl
0 D,,
is also a defining system.

Proof. The proof is a trivial calculation of matrices by the definition of defining
system. We omit here. O

Remark 11. This easy observation gives us a way to generate a new defining system
from old defining systems. For proper defining system, let p, : G — U,y1 be a
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proper defining system, i.e,

ox (G G) G) o
01 x () () - Yoo
=100 0 1 x (3
0 0 0 0 1 X (0
0 0 0 0 0 1 o
0 0 0 0 0 0 1
One can check that p,ym : G — Upiny: induced by p, is still a proper defining
system:
R N B
Lox @) G) 0 o e
0 1 x (3) () %o
o --- 0 X 0
e
0 0 0 0 1 yxy () o0
0 0 0 0 0 1 X 0
0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 1 |
If we have another proper defining system pj, ., : G — Uptmi1s
R N R
0 1 % >2< (>§ . . ;l+m72
e 0L ox (3 () "
ﬁ{ner: 0O --- 0 1 X e (qu) [
000 0 0 1 x () 4
0 0 0 0 0 1 X Py
0 0 0 0 0 0 1 Py
| 0 0 0 0 0 0 0 1

Then by Lemma [8] we can produce a new proper defining system

TREE R
0 1 X ()2( 93?) e e ntm—2 T Y2
0 W ()
0 0 1 X mfl) ;nfl
0 0 0 0 1 y () f
o 0 0 0 0 1 X 1
0 0 0 0 0 0 1 6
L 0 0 0 0 0 0 0 1 ]
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The image of generalized Bockstein map Im ¥(™ is spanned by certain Massey
products relative to a proper defining system. The next theorem is just a special
case of theorem 4.3.1 in [Lam+23|.

Theorem 9 ( LLSWW][Lam+23|). Let G be a group with p-cohomological dimen-
sion 2. View Q/I™" @ T as a quotient of polynomial ring in terms of variable x
with coefficient in T, Let f(o) = o(0) + Y1(0)x + -+ + p_1(0)x" 1 be a co-
cycle in CY(G,Q/I" @ T), where ; is a cochain in C*(G,T). Then U™ (f) =
>, (f) U tn—;)x™, where x is the quotient map x : G — G/N 2 Z,, or Z/p'Z.
And easy to see, 3.1 | (X) Utb,—; is Massey product (x\™, %) relative to a proper
defining system. Here x\™) denotes n-copies of x. More precisely, the proper defin-
ing system 1s:

L x (3) (’ég EZ‘) *
01 x () (3 Yn—1
00 0 1 x (X
00 0 0 1 ~x
00 0 0 0 1 4
oo o o o o0 1

Remark 12. We have ((f) U ¥n—i)(g1,92) = (X(fl)) U g1¥n—i(g2). And this is
compatible with our action of G on Q ® T. And this is compatible with definition
of defining system p to be a cocycle: p(g192) = p(91)910(g2)

3. SizE OF H?

The philosophy of the strategy is to use Massey products to analyze the size of
H?2. We first prove some lemmas we will use later. Since they all can be derived
purely from group cohomology theory. We put them in this section. From now
on, we assume G is p-cohomologically finite and G has p cohomological dimension
d=2.

Lemma 10. Let G be a p-cohomologically finite profinite group with p cohomological
dimension equal 2, N be a closed normal subgroup such that G/N = Z,, or 7./p'7.
And T is a finite F,[G]-module. Assume H?(G,T) = F, and ¥ #£ 0 for some
0 <k < #G/N, then #HE (N, T) = p™ where n = min{n|¥™ # 0}

Proof. Take n = min{n € N|[W(™ #£ 0}, then ¥ £ 0. We have H?(G,T) =
F, = Im¥(™. By theorem I"HE (N,T) = I""'H} (N,T). Since G is p-
cohomologically finite, we know that H2 (N, T) is finitely generated -module by
[Lam+23, Prop 2.2.2]. By Nakayama’s lemma, ["HZ (N,T) = 0. We have the
filtration H2,(N,T) > IH2 (N,T) > I?H2 (N,T) > --- > I"H2,(N,T) = 0 and

LHLNT) o Hence #H2, (N, T) = p'. O

when 7 < n, m

Theorem 11. Let G be a profinite group, N be a closed normal subgroup such that
G/N 27, or Z/p'Z and T be a Fp[G] module. Fiz an integer n < #G/N. Assume
the generalized Bockstein map W) = 0 for all 0 < i < n, then the value U™ (f),
where f(o) = o(o) +1(o)r+ - +,_1(0)x" " is a cocycle in CH(G,Q/I"RT),
only depends on the cohomology class of 1o and does not depend on other coefficients
Y, 0 <1 <n.
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Proof. Let f' =) + ¢z + -+, 12" be another cocycle in C*H(G,Q/I"®1T)
such that 1o and ¢ are in the same cohomology class. Then (v —1()(c) = om—m
for some m € T. Let § = (1o — b)) + (xUm)z + ((X) Um)a? +- -+ ((,X,) Um)a" 1.
One can check that U™ (§) = d((X) Um)z™ =0 € H*(G,T)®I"/I"*'. By adding
d to f', we can assume that ¢, = 9. Then f — f' € CY(G,I/I" ® T). Since
Q/I""' 2 F,[z]/(z" 1) is isomorphic to I/I™ = (x)/(z™) by a multiplication of z,
VO (f —f) = W(’L_l)(f%f) = 0 by assumption. Hence ¥ (f) only depends on
the cohomology class of 1. O

Under the conditions U(*) = 0 for all 0 < i < n, for convenience, we use ¥ ([¢)g])
to denote W™ (¢pg + P12 + - 4+ b, 12"~ 1) since the value only depends on the
cohomology class of ¥y. And in the language of Massey product, ¥ ([¢)y]) equals
to the Massey product (x(™), 1) relative to a proper defining system.

Notice from the following exact sequence:

HYG,Q/ "' @ T) - HY(G,Q/I" @ T) — H?(G, In/In+1 ©T)

Hence ¥(")(f) is zero for a cocycle f(o) = 1o(0) + ¥1(0)x Py (o)zn
in CHG,Q/I" ® T) if and only if we can lift f to C}(G, /I”Jr1 ®T), i.e. there
is a cocycle in C1(G,Q/I" @ T) in the form of f(o) = ho(c) + 1 (0)z + -+ +

Yp_1(a)z" "t + P, (o)™

Definition 2. Let ¢ be an element in H'(G,T) = H*(G,Q/I ® T). We say 9
has p cyclic Massey product vanishing property, if we can lift ¥ to an element in
HY(G,Q®T), i.e. there is an element in C*(G,Q®T) in the form ), ¢;(c)z" with
g = 1, where the sum over all 0 < i < oo or 0 < i < p* with respect to G/N = Ly,
or Z/p*Z.

Remark 13. Assume ¥() = 0 for all 0 < i < n and 9 has p cyclic Massey product
vanishing property. Then we have (™ ([/]) = 0.

Theorem 12. The element 1 € HY(G,T) has p cyclic Massey product vanishing
Cor

property if and only if ¢ € Im(HL, (N, T) —~ HY(G,T)) .
Proof. By lemma@ we have H} (N,T) = H'(G,Q®T). And the map H'(G,Q®
T) - HY(G,Q/I ® T) induced by the quotient  — /I corresponding to the
corestriction map H{, (N, T) — H'(G,T) by definition.

([

4. APPLICATIONS TO NUMBER THEORY

Now we apply previous sections to number theory. Though all notations are
standard, we list them here for convenience:

(1) p: odd prime.

(2) K: number ﬁeld

(3) g group of pl-th roots of unity.

(4) S set of primes of K above p.

(5) Kg: maximal algebraic extension of K which is unramified outside primes
above p and infinite primes.

(6) Gr,s = Gal(Ks/K).

(7) Ok: ring of integers of K.

(8) Ok,g: ring of S -integers of K.
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(9) CI(K): class group of K.
(10) hg: the size of CI(K).

11) Clg(K): S -class group of K.

12) Br(Okl1/p]): The subgroup of the Brauer group Br(K) of K consisting
of all classes of central simple K-algebras, which are split outside of primes
above p. Hence, we have Br(Og[1/p]) = (Q/Z)#°~! as abelian group.

) Aln]: subgroup of elements of abelian group A that annihilated by n.
) Let K C K1 C Ky C--- C Ko be a Zy, extension of K.

) X: the Iwasawa module X = yLnCl(Kl)[poo].

) A: the Iwasawa invariant \ for X.

Theorem 13. Let K;/K be a Z/p'Z extension of K inside Ks. Take G = G5 =
Gal(Ks/K), N = Gk, s = Gal(Ks/K;), T = pp. Let a € Nmg, /x(OF, s), then
a has p cyclic Massey product vanishing property.

Let Koo /K be a Z, extension of K inside Kg. Take G = Gg,s = Gal(Kg/K),

N =Gk.s = Gal(Kg/Kx), T = py. Let a € Im(lim O, ¢ == K*) where the
inverse limit is taking over all sub-extension of Koo /K with respect to norm map.
Then « has p cyclic Massey product vanishing property.
Proof. By Kummer theory, H' (G, u,) 2 K*N(K%)?/(K*)? and HY(N, p,) = K;' N
(K%)P/(K;)P. The corestriction map from H'(N, u,) to H' (G, u,,) corresponds to
Norm map|Mil20]. Notice that O, ¢ C (K3)P. And by theorem the theorem
holds. The second conclusion follows by taking the inverse limit.

Remark 14. The map @O;ﬁ,s LN Ok.s < K™ is the projection map from the
inverse limit yLnO}Z’ g to the first factor.

From Kummer theory, we have the following two exact sequences: (good refer-
ences are [Kol04][Shal8| Proposition 5.1.5][NSWO08| Theorem 8.7.4])

(1) 0= Oks/p:=0ks/(Oks)’ = H (Gk,s,1p) = Cls(K)[p] = 0

(2) 0 — Cls(K)/p — H*(Gk,s, 1p) = Br(Ok[1/p])[p] — 0

The map O} ¢/p — H'(Gk,s,pp) is the composite of the natural inclusion
and Kummer map,ie: O g/p — K* N (K5)P/(K*)? = H(Gg.s, tp). The map
HY(Gk,s, pp) — Clg(K)[p] is the map o € K* N (K%)P/(K*)P =2 HY(Gk s, f1p) —
[I] € Clg(K)[p] where I is an ideal such that I” = aOk g. Since Br(Ok|[1/p])[p™] =
(Qp/Zyp)#57", s0 Br(Ok[1/p))[p] = FF~.

Now, we can state and prove our main theorem.

Theorem 14. Let K C K1 C K3 C --- C K be a Z, extension of K and S be
the set of primes above p for K. Assume all primes in S are totally ramified in
Ko /K. Let Xos = I'&nCls(Kl)[poo] and fics, Aes be the Twasawa invariant of X.;.
Assume X5 has no finite A submodule and H2(GK’S,[LP) =TF,.

Then jics = 0 if and only if there exists k such that W) £ 0 for some k. If
thes = 0, then Aes = min{n|¥) £ 0} — #5 4 1.
Proof. We have the following exact sequence:

0 — Cls(K;)/p = H*(GK,5, 1p) — Br(Ox,[1/p])[p] = 0
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for every . since Clg(K;)/p is finite group, it satisfies Mittag-Leffler condition.
Thus the above exact sequence remains exact after taking inverse limit.

0 — lim Cls (&) /p — lim H*(Gk, s, 1p) — lim Br (O, [1/p])[p] — 0
By definition of Br(Ok,[1/p])[p], we have

1 >, invy 1 _
Br(Ok, [1/p])[p] ~ ker | @ Br(K,,)lp) = @) ~2/Z = ~Z/Z | ~F}S~".
v|p vES] p
Since all primes in S are totally ramified K. /K, we have #5; = #S. By |Tat67,
Chapter VII, §9.7, equation (16)], we have the compatibility of corestriction with
local invariants for a separable field extension L/K,

inv, (CorL/K a) = Z v, (o).
w|v
As K11/ K] is totally ramified at prime above p, we have inv, (CorKHl,w/Kl,v (aw)) =
inv,, (o) for a, € Br(Kj41.4,). Hence, we have that

COTKL+1/Kz : Br(OKL+1 [1/]7})[27] — BY(OKI [1/]7})[27]
is an isomorphism. Hence, the inverse limit lim Br(Og,[1/p])[p] = Br(Ok[1/p])[p] =
F#5-1,
P
We have the following exact sequence:

Take the inverse limit, and it remains exact by the Mittag-Leffler condition,
0 — 1im Clg (K)[p] = Xes =2 Xes = lim Cls(K)/p — 0

Hence I‘&nClS(Kl)/p = X.s/p. We have u.s = 0 if and only if X.s/p is a finite
group if and only if @H 2(Gk, s, Hp) is a finite group if and only if there exists
k such that W) +£ 0 for some k by lemma [10]. Now assume j.s = 0. It is well
known that the Z, rank of X s is A¢s. Since we assume that X, has no A finite
submodule, we have I'&nCIS(Kl)/p = Xes/p = IFI’}“S.

Recall that p cohomological dimension of Gk g is 2. We have

#1im H?(Gx, s, 11p) = #H{ (Groe s 1p) = 97,

where 7 = min{n|¥") 3 0} by lemma Therefore, by the exact sequence, we
have
Aes —min{n|™ £ 0} + #S —1=0
Hence A\ = min{n|¥™ £ 0} — #5 + 1
([

Remark 15. The condition H?(Gk. s, up) = F), is restrictive. If H?(Gk. s, pp) is
large, we may use the following theorem where we decompose H?(G,s, f1p)
into smaller eigenspaces such that each small piece is 1-dimensional. We impose
the condition H?(G g s, pp) = F, to make corollaries in terms of Massey products
clean. Since H*(Gk s, 1p) is one-dimensional, one nonzero Massey product can
expand the whole space. Hence we just need to consider whether the Massey
product is nonzero, and it is easy to develop a numerical criterion as we just need
to calculate only one Massey product. If H?(Gk.g, Kp) is large, we need many
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Massey products to expand the group H?*(G ks, ptp). Hence, we need to consider
many Massey products and how they intertwine with each other. The results of our
paper have been generalized by [RS25], where they do not require H?(G g, fp) tO
be one-dimensional, and they have to use the language that many Massey products
are used to expand the group H?(Gk s, iip). Since it would be difficult to get a
clean calculation when considering a bunch of Massey products, they do not develop
the numerical criterion. In summary, the strategy of the proof allows one to remove
the condition on H?(Gk s, ip). It may look beautiful in theory, but it would be
difficult if one wants to calculate explicitly when H?(Gk s, u1,) is large.

In the proof of the theorem, to use the lemma we take G = Gg5, N =
Gk.s, x:G— G/N = Z, and Q = F,[[G/N]]. And these are the set up that
we use for most of the section. The purpose of the setup is purely for theoretical
consistency. In practice, to calculate the Massey product, we would like 2 =
F,[[G/N]] to be small. If we know A, < p' for some [ in advance, we can take
G=Ggks, N=Gg, 5, x:G— G/N Z/plZ and 2 = F;,,[[G/NH

Theorem 15. Let K C Ky C Ky C --- C K be a Z, extension of K and S
be the set of primes above p for K. Assume all primes in S are totally ramified
in Koo/K. Let Xes = @CIS(KZ)[p“] and pes, Aes be the Twasawa invariant of
X.s. Assume X s has no finite A submodule and HQ(GKVS,,up) =TF, and pes = 0.
Assume Aes < pt. Then Aes = min{n|U™ #£ 0} — #S + 1. Here the definition
of W™ is with respect to G = Grks, N =Grk.s, x: G— G/N =2 Z/p'Z and
Q =F,[[G/N]].

Proof. We have the following exact sequence:
0= Cls(Ki)/p — H*(Gx,, s 11p) = Br(Ox,[1/p))[p] — 0
We will use Lemma 13.15 in [Was97| and the same notation as [Was97, Lemma

pl
13.15]. We have Clg(K;)/p = Xeos/(BEEZLY) X o) = Xoo/ (TP 1Yo, pXos).
Let f be the characteristic polynomial of X ;. Since X5 has no finite A submodule,
we have fX.s = 0. We have

1 1
CIS(KI)/p = Xcs/(Tp 71Y07chs) = Xcs/(Tp 71Y07pX087 chs)
== Xcs/(Tplily(),chsaTACSXCS) = Xcs/(chsaT)\chcs)
_ _ o~ TR Aes
- Xcs/(chsv chs) - Xcs/chs - IFp

since A5 < pl.
The remaining proof is similar to the proof of Theorem (I

Next, we will discuss the situation when we have a group A acting on our Iwasawa
module. We can decompose our Iwasawa module as a direct sum of eigenspace
with respect to the action. For each direct sum, we can also define the Iwasawa
A invariant. We will show that we can compute the Iwasawa A invariant in the
same strategy since we have proved that the generalized Bockstein map preserves
the group action in section [2.1

Let k be a number field and K/k be an abelian extension. Denote Gal(K/k) =
A. Let K C K1 C Ky C -+ C Ky be a Z, extension of K and K /k is an
abelian extension. Suppose all the field extensions K;/k, K /k, Kg/k are Galois
extensions. Assume Gal(K/k) = A @ Z,. Let ¥ = Gi,g = Gal(Kg/k), G =
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Gk,s = Gal(Kg/K), N =Gk_ s = Gal(Ks/K) and T = p1,,. By subsection
the Galois group Gal(K/k) = A can act on H (G s,Q/I" @ ,) and () (1¢) =
70 (¢) for any ¢ € HY(G,Q/I" ® ) and T € A.

Let A == Hom(A, Q%) be the character group. Let w € A and define

1 _
€w ="+ w(o)e™t € Q[A].
e

Let X be any Q[A] module. Then the standard process gives us a decomposition

of X:
X = @ e X.
wEA

Theorem 16. Let K, /K be the Z, extension as set up above. Assume all primes
in S are totally ramified in Koo /K. Let X¢s = I'&HCIS(KI)[pOO], Assume all char-
acters of A is Zp-valued, The action of A on X.s gives a decomposition X s =
PuwewXes. Let [l cs, Aw,cs be the Twasawa invariant of €,Xcs. Assume €,Xcs has
no finite A submodule and e, H*(G s, ptp) = Fp. Then g, s = 0 if and only if there
exist k such that e, U¥) £ 0 for some k. If Ho,es = 0 then Ay cs = min{n|e, ¥ £
0} — dimg, e, Br(Ok[1/p])[p]

Proof. The proof is almost the same as Theorem [I4] we give a sketch of proof here.
We have the following exact sequence:

0 — Cls(K1)/p = H*(Gr 5, 1p) = Br(Ow,[1/p])[p] — 0
for every [. The action of A gives us:
0= ewCls(K1)/p — e H* (G, 5, 1p) — €wBr(Ox, [1/p])[p] — 0
Take inverse limit,
0—ew @CIS(KZ)/p — Eu @HQ(GKL,S,NP) — Ew l'LnBr(OKZ [1/p])[p] — O

We have pi, s = 0if and only if e, lim Cls (k) /p is finite if and only if ., lim H?(G .5, p1p)
is finite if and only if there exist k such that e,¥(*) = 0 for some k.
Assume p,, s = 0 now. Similar argument as proof of Theorem we have

ew im Br(Ok,[1/p])[p] = e Br(Ok([1/p])[p]
and
Ew h£1 Cls(Kl)/p =~ [F;)\w,cs

and
dim]Fp Cw @HQ(GKZaS7MP) = miﬂ{n|‘1’(")|st1(GK,s,Q/I”®up) # 0}’

where U™|__ i1 (G 5.0/1m0p,) denotes U™ restricting on e, H' (G ks, Q/I" @ ).
Since () (7¢) = 17U (¢) for any ¢ € H'(G,Q/I" @ u,) and 7 € A, we have
\IJ(n)|EwH1(GK7S’Q/In®MP) = 0 if and only if ,%™ = 0. Hence the conclusion
follows from the exact sequence. ([l

Remark 16. We can have a similar theorem as theorem with the action of A.
We omit it here since it is essentially the same.
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Remark 17. As we said before, the theory of the Generalized Bockstein map and
Massey products works generally. The strategy of the paper also works generally.
The results of our paper have been partially generalized by |[RS25| by the same
strategy. In their paper, they consider higher-dimensional representations, for ex-
ample, E[p], not just u, as in our case.

Before we apply the theorem to a specific field, we first recall some well-known
lemmas in the classical Iwasawa theory. They will be used in the next section. The
next lemma is Proposition 13.26 in the book [Was97|.

Lemma 17. Letp be odd. Suppose K is a CM-field and K,/ K is the cyclotomic Z,
extension. The complex conjugation action gives us the decomposition C1(K;)[p>] =
CI(K})[p™=]" @ CI(K,)[p™]~. Assume all primes which are ramified in K. /K are
totally ramified. Then the map

CUE)[p™]™ = Cl(Kiy1)[p™]”
18 injective.
By using the lemma [I7] one can get the following lemma. It is Proposition 13.28
in [Was97|.

Lemma 18. The same assumption as Lemma then X~ = &iLnCl(Kl)[poo}f
contains no finite A-submodules.

In the paper |Gol74], Gold refined the Lemma[17| to the following theorem.

Theorem 19. The same assumption as lemma [I7, let D; be the subgroup of
CI(K;)[p™] generated by primes of K; above p. Hence we have Clg(K;)[p™] =
CI(EK)[p>]/ Dy and Clg(K;)[p>=]~ = CU(K;)[p>]~ /D, by definition. Then the map

Cls(K1)[p™]™ — Cls(Ki11)[p™]~

1s injective. Moreover #D. . = ps(m_l)#Df for any integer m > 1, where s is the
number of primes of Kﬁ' lying over p which split in Kl/Kl"'.

The conclusion about the size of D; is hidden in Gold’s proof of his theorem.

Theorem 20. The same assumption as lemma then X_, = @CIS(KZ)@W}*
contains no finite A-submodules.

Proof. One can use a similar argument as the proof that lemma [I7] implies lemma
in [Was97|. T omit the proof here since it is almost the same argument. (]

5. APPLICATION TO CONCRETE EXAMPLES

In this section, we will apply the theorems that we get in the previous section [4]
to some concrete examples. In the following examples, they all are the cyclotomic
Z, extension. The same strategy can apply to other Z, extensions as long as it
satisfies the conditions in the theorem. The first three cases are about imaginary
quadratic fields. The last case is about cyclotomic fields. In the first case of the
imaginary quadratic field, we also develop a numerical criterion, which can help
us to compute the A invariant through the computer. The section of numerical
criterion is independent from other cases. It is suggested to skip the numerical
criterion subsection for the first time reading.

5.1. Imaginary Quadratic field.
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5.1.1. case 1. Let K be an imaginary quadratic field and hx = #CIU(K), p t hx,
p splits in K. Let K C K; C Ky C --- C K be the cyclotomic Z, extension of
K. Let pOg, = pip; where p; is the complex conjugation of p; . Let (o) = pp*,

(a) = ﬁgk, « is the conjugation of . By Kummer theory, a corresponds to an

element in H'(G, p1,), i.e. 0 — o(¥/a)/ Y. Recall y is a character x : Gk s fes,

Gal(Ko /K) = Zy,.

Theorem 21. Let K be an imaginary quadratic field, p 4 hg, p splits in K and
n > 2. Assume A\ > n — 1, then A > n < n-fold Massey product (X, X, .-, X, @)
—_—

n—1 copies
vanishes with respect to a proper defining system.

Remark 18. It is well known that A > 1 is always true. Hence A > 2 < the cup
product x U« = 0. Later, in the section on numerical criterion, we will show that
it is easy to see that x Ua =0 < log, o =0 mod p?, where log,, is the p-adic log.
And this is a version of Gold’s criterion |Gol74]. Our theorem gives a new proof of
Gold’s criterion and generalizes the criterion.

proof of theorem [2]]
We have that K is an imaginary quadratic field and K /K is a cyclotomic Z,

extension. Hence, it satisfies the assumption in theorem [I9] and theorem [20] and
we will use the same notation as them. By using Proposition 13.22 in [Was97|,
we know CI(K;)[p>]" = 0. Hence D, = D; and CI(K;)[p>]~ = CI(K;)[p>]. By
definition, we have that D, is generated by one element p;/p;. Hence D; = D, is
a cyclic group. There is only one prime in K l+ lying over p that splits in K;/K l+ .
Thus #D; = p'#Dy = p'. We have D; = Z/p'Z. We have the following exact
sequence:
0 — Dy — CU(K)[p™] = Cls(K)[p™] — 0
Take the inverse limit. We have the following exact sequence by the Mittag-Leffler
condition
0—=%Z, =X — Xcs — 0.
By lemma and theorem we know that X and X, have no finite A-submodule.
View them as Z, module, we have Rankz, Z, — Rankz,X + Rankz,X.s = 0. So
A=Aes + 1.
By the exact sequence , we have
0— Clg(K)/p=0— H*(GK.s,1p) — Br(Ox[1/p))p] =F, — 0
Hence H?(Gk,s, pip) = F,. Thus, our case satisfies all conditions in the theorem
We have A.s = min{n|¥ # 0} — 2+ 1. Therefore, we have A = min{n|¥™) = 0}.
Hence A\>n < U@ =0 for all 0 <i < n.

By exact sequence and CI(K)[p] = 0, H'(Gk.s,pp) = Ok 5/p =< a, & >.
Assume U = 0 for all 0 < i < n — 1 now, then by theorem Im ¥ is
generated by U("~1([a]) and (=1 ([a]).

Let ¢, be the primitive p!-th root of unit. Let Q;_; be the unique subfield of
Q(ppt) such that Gal(Q;—1/Q) = Z/p'~'Z. Then K; = KQ;. We have

p=Nmg(, )/q(1 =)
and
1= G = N, ) /@) (1= Gpren)-
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Let
m = Nm@(ﬂpl+1)/Qz (1 - C;DHl)a
then

p= Nm@l/Q(m)’ m= Nm@LJrl/Ql (M41)-
Since K; = KQ; and K N Q; = Q, then

Gal(K;/K) = Gal(Q;/Q), Gal(K11/K;) = Gal(Qi41/Q1).
So p = Nmg, /x(m) and n = Nmg, /K, (M14+1). We know

m = NmQ(#le)/Ql(l — Cpl+1) S O(&,,S C O;(,,S‘

Hence the sequence (m); € lim O, . By theorem we know p has p cyclic
Massey product vanishing property.
On the other hand, aa = £p"¥. Hence,

WD ([a) + W (a]) = bW () = 0.

So Im (=1 is generated by ¥~ ([a]).
We have U= = 0 if and only if ¥(*»~V([a]) = 0 i.e. the Massey product

(X(”’l), «) relative to a proper defining system vanishes by theorem
O

Remark 19. Suppose we know A < p! in advance. Assume A > n — 1, then A\ >
n < n-fold Massey product (x, X, --x,a) = 0 with respect to a proper defining
system, where we could take y : G — Gal(K;/K) = Z/p'Z instead of x : G —
Gal(Kw/K) = Z, as above. The proof is similar by using Theorem (15| instead of
Theorem [I4] We will use this idea to develop a numerical criterion.

5.1.2. numerical criterion. In this subsection, we will translate the Massey product
language in the previous case to numerical criterion. One is suggested to skip
this subsection for the first time reading. It does not influence the reading for other
cases.

Let K be an imaginary quadratic field, p { hg, p splits in K. Assume we
know A < p in advance. By the remark we can take G = Gk g, N = Gk, s,
x:G— G/N 2TF,, Q=F,[G/N] through this subsection. Now, we can state our
numerical criterion:

(1) The Iwasawa invariant A\ > 1, always true.

(2) The Iwasawa invariant A > 2 & log,a = 0 mod p?, where log,, is the
p-adic log.

(3) Assume A > 2 is true, then y Ua = 0 <= 3 € K{ s.t. Nmg, /x(8) = a.
Define A} = Hf;ol o' (B%) € K; , where o is the generator of the group
G/N = Gal(K;/K) = F, such that x(o) = 1.

Claim: There exists oy € K* s.t. vp(a1A]) =0 mod p for all primes p
in K such that p { p, where v, is the valuation corresponding to the prime
ideal p.

Then A > 3 <= xUa; =0 <= log,a; =0 mod p?.

(4) Assume A > 3, then x Uay = 0 <= 3p; € K7 s.t. Nmg, x(81) = ax,
Define Aj = [T/Zy o*(310~1/2) € K7 and B} = [T’y 0(8}) € K.

Claim: There exists ag € K* s.t. vp(a2A5B]) =0 mod p for all primes
p in K such that p 1 p.

Then A > 4 <= xyUaz =0 <= log,a2 =0 mod p?.
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(5) continues in a similar way - - -
In the remaining subsection, we will explain the reason for the numerical crite-
rion. Here is the idea. To prove the Massey product relative to a proper defining
system py, : Gxg — Up11(F,), n < p vanishes,

1 x () é% (ig e ]
01 x () () - VYnoa
=100 0 1 x ()
00 0 0 1 ~x
00 0 0 0 1 1
00 0 0 0 0 1

we would like to construct the cochain v,,_1 explicitly to fill the x spot. We first
construct ¢/, _; when we view the Massey product over G = Gal(K*?/K) instead
of Gk, s. In this case, it does not matter if we assume that K has p-th root of
units. Hence, we can exploit the classical results and generalize them. Then we
compare the Massey product when we view it over G and G s differently. The
difference of 1,1 and ¢/,_; is an element a,,—1 in K. Finally, to check the Massey
product is zero over Gk, s, we restrict the Massey product to Gk, , where Ky, is
the completion of K at prime pg.

Next, we introduce some classical results. Let K be any field (not necessarily
a number field) such that char(K) # p. Let Gg = Gal(K*®?/K) be the absolute
Galois group. Let (, be the p-th root of the unit. Then [K({,) : K] has degree
which is prime to p. Hence

Coro Res: H' (G, jip) — Hi(GK(Cp),up) — HY(Gg, )

is an isomorphism. Therefore, Res : H'(Gk, up) — H'(Gk(c,), 1p) is an injective
map. To consider the Massey product relative to certain defining system vanishing
in HQ(GK,,up), we just need to restrict all cochains to Gk(¢,) and consider the
Massey product vanishing inside H?(G K(¢,)s Mp)- It does not matter if we assume
(p € K. Now we can assume that ¢, € K. In other words, the action Gk on u, is
trivial. We can view p, as IF, by identifying ¢, € u, with 1 € F,,.

As mentioned before, to give a defining system is the same to give a homo-
morphism p : Gx — Uny1(pp) = Uny1(Fp). The Massey product vanishing is
equivalent to that p can be lifted to a homomorphism p : Gxg — Upt1(pp). Let
K5 be the subfield fixed by ker 5. Then the Massey product (x1, X2, ,Xn)p van-
ishing is equivalent to that we can extend the Galois extension K;/K to a Galois
extension K,/K such that

Gal(K,/K) — Un+1(pp)

| !

Gal(K;/K) —— Up+1(pp)

is commutative.

To understand this better, we first consider 2-fold Massey products i.e. cup
products. Let a, b be two linearly independent elements in K*/(K*)? corresponding
t0 Xas Xo € H' (G, p1p) = K*/(K*)P. Then K(a'/P) is the subfield fixed by group
ker x, and K (b'/P) is the subfield fixed by group of ker x;. The cup product y, U
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X = 0 is equivalent that 38 € K (a'/?) such that Nm g (q1/9y/x (B) = b. Translating
in the language of Massey product, we have a defining system

p:Gg — US(MP) =2F, ®Fp,0 = (xa(9), x6(0))

The 2-fold Massey product vanishing is equivalent to that we can extend the Galois
extension K (a'/? b'/P)/K to a Heisenberg extension K(a'/?,b'/P AY/P)/K such
that Gal(K (a'/?,b'/?, AV/P)/K) = Us(F,). This is a theorem proved by Romyar
Sharifi[Sha99]. Another reference is [MT16|:

Theorem 22 (Sharifi). The same notation as before. Assume x, U xp = 0. Let

Ay = Hf:_ol o' (B") where o is a generator of Gal(K(a'/?/K) such that x(o) = 1,
/Bp

then O'(Al) = AlT.

Theorem 23 (Sharifi). The same notation as before. Assume x, U xp = 0. Let
A = fA; where f € K*, then the homomorphism

p: GK — US(IM;D) = ]F;D @Fpag - (Xa(g)7Xb(U))

can be lifted to a Heisenberg extension p : Gx — Us(up) such that Reswery, (p1,3) =
XA-

Remark 20. When we have another lifting corresponding to A’, the difference be-
tween A and A’ is an element in K*. If we have another lifting p’, then —dp; 3 =
Xa U Xp and —dp’L3 = Xa U Xp- S0 d(p1,3 — p’173) = 0. Hence p1 3 — p} 3 is a cocycle
in C'. There exists f € K such that p13 — pj 3 = xy. We have A = fA’ up to
multiplication by an element of K (a'/P)*?.

The theorem gives us an explicit description of p; 3. And the converse is also
true. If we can find such Heisenberg extension K (a'/?,b'/?, A'/P)/K then the cup
product x, U Xp is zero.

Now, we generalize the idea to give a similar description for Massey product
(X(”), o) relative to a proper defining system p, 41 : Gx — Un+2(]Fp).

Because we use the proper defining system, the Im p,, 1 is not the whole group
Un+2(F,). We need the following definition and lemma to describe Im pj, 1.

Definition 3. Define group M,, :=< s,tg,t1, -+ ,t, | P =1L, th =1,/ =1,.-- |8 =
Lttty 1 =1, stos Mgt = ty, stys M = by, stas Ty =g, styysT L =

n
tn,stps 1t =1 > for n < p.

Remark 21. One can check that M, is a semidirect product. We have M, =
Fp x Fpt, where F, =< s > and Fptt =<tg,t1,- -+, tn >.

Lemma 24. Let ppi1: G — Upt2(Fp) be the homomorphism defined by

1 ox () () () Un
01 x ) G Un-1
Pr1=10 0 0 1 x (% s
00 0 0 1 ~x
00 0 0 0 1 1
oo 0o 0 0 0 1 |
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where ker x # kervy. Then Im p,41 is isomorphic to M,.
Unt2(Fp) as a subgroup, then we can take

t1

1
0

O =

—_

— =

o O

— O

o

o O -

0 0
0 0

OO -
O O = = e

o O

cCorR O -

0

o~ oo

oo .

Proof. Since ker x # ker vy, [Gx
ker i)y do not contain each other. Hence Im p,, ;1 contains

One can define B; = AByA™'B;*,---

t1

This gives us the description of Im p,, 1 as in the lemma.

1
0

O =

= O

1
1

o o

= O

0
0

o O -

00 ---
00 O
11 0
01 1
0 0 1
00 O

o o

cor o -

or oo

o o

—_ O O e

—FO = O .-

0
0

—HO OO -

*

—_ O % % e

0
0

O =

1
0

O =

— O

O =

—_

o o

= O

o

o o

coo ...

0
0

If we view Im pp41 C

o corRr O O

o

COoO O .-

o

cCOoO RO -

0
0

coor ..

o o

cCOoOR O -

, Bn = ABn—lAilB;_ll-

o o

coRr o -

or~roco

or oo -

or~oo

o

=R =lr

* %

— o % X e

O =

HO OO -

s kerx] = p and [Gk : keryp] = p , so ker x and

We can directly
map s to A and ¢y to By. This gives us an isomorphism between M, and p,y1.
To check the group relations, it is a trivial matrix calculation. One can show B;
are linearly independent, and the two groups have the same size. The proof of
isomorphism is only a tedious calculation. We omit the calculation here.
On the other hand, we can use A, By to generate the following matrices:

or oo

—Fo 0O -

1
0
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Remark 22. If we take subgroup V,, 41 C Up42(F,) whose elements are of the form:

[1 0 0 0 0 -+ =
01 00 0 0 =

oo O -

cooo -
cooco -
cCo o= .-
coROo---
or oo
_ % % % e

0

then we have an exact sequence,
0= Voyr = Imppyr = Imppy/Vigr =0

Easy to see that V,, 1 = ]F;““1 is generated by to,t1,- -+ ,tn and Im pj41/Vpp1 = F,
is generated by s. And Im p,; = F, x V,,;1. Hence, to describe the presentation
of Im p,,41, all we need is to describe the presentations of V,,;1 and I, and the
action of F, on V1. These are how we define M,,.

Remark 23. By the lemma if we can find a Galois extension L/K such that
Gal(L/K) = M,, then we can determine a proper defining system p,42 : Gx —
Un+3. And the converse is also true.

To determine whether a group is isomorphic to M,,, we only need to determine
what elements are mapped to s,ty and check all relations if we know the group has
the same size as M,,.

As before, Assume K is a field that contains p-th root of the unit. Let y €
HY(G g, pp) = Hom(Gg,F,) and ¢y € H (G, pp) = Hom(Grg,Fp). Let K(a'/P)
be the fixed subfield of ker y and K (b/?) be the fixed subfield of ker ¢y and assume
they are different field. Let o, and o, be the generator of Gal(K (a'/?,b'/?)/K)
such that

oa(at/P) = ¢pat/? oq(bBY/P) = b/P
ob(al/p) — qgi/p Ub(bl/p) — Cpbl/p

Lemma 25. Assume xUtbg = 0,i.e. there exists 3 € K(a'/P) such that Nmg (q1/p) /5 (8) =
b. Define

p—1 p—1 p—1
= [ oi(8), A2 = [[ oi(8™ %), A5 = H ol (3, A, = [[ ot (80))
i=0 i=0 i=0
where n < p, Then
7o)y = g, T8 5 ) = T 4, ) = )
Proof. Easy to check the following equation:
p—1
(0q Zw + Za =
i=0

p—1 . .
—1)( Z(Z; —i—aaZw 1)

=0
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1

o (e (- )

1=

Lemma 26. Notations as before and n < p, then the field extension
K(al/pa bl/pa Ai/pa Aé/pa Tty A’}L/p)/K
is a Galois extension. And
Gal(K(al/p,bl/p,A}/”,Aé/p, o AYPY K 22 M,

Therefore, it corresponds a proper defining system pnis : Grx — Upiz. And
Reskerxwi = XA; fOT’ 1<i<n<p-1
Proof. We have
oa(A1)/A1 = BP /b € K (a/?,b!/P)P
and
op(A1)/A; =1 € K(a'/?,0Y/P)*P.

Hence K (a'/? b/7, A}/p)/K is a Galois extension.

Lift o, and o} to Gal(K(al/”,bl/”,Ai/p)/K). We denote them as 7, and 7%.

As said in remarka to prove Gal(K (al/?,b1/?, AY/P)/K) = M, we only need
to determine what is mapped to s,tg and check that it satisfies the relations in the
presentation of group M;. Lift ¢, and o}, to Gal(K (a'/?, bl/p,A}/p)/K) since two
groups obviously have the same size. We denote them as o, and ;. We would like
to map o, 0p to s,tg respectively. Next, we will check it satisfies the relations.

By lemma [25]
3) Ga( A7) = G AV B/01
for some j; € F),. Then
FUALT) = G AT BB PG G (8) 6P

GH(AL") = PP AT Nm(B) /b = 4"
Hence o? = 1.

We have Gb(A}/p) = CZZ}A}/” for some i; € F,. Hence Gg(Ai/p) = A}/p. So
oy =1.
We have

G (A1") = Fu(GAYT) = G AT 6P

GoFa (A = Go(G) ALY B/BY/P) = T AP B P
&aab&v;l&b_l(A}/p) _ CpAi/p
Define G4, = 6,050, 15, '. We have
o4, =1,0404,0, 0,4 =1,6064,0, 0, =1

Hence, 04, plays the role ¢; in the presentation of M; and we checked that the
relations are satisfied. Therefore, we have Gal(K (a'/?,b/?, A/P)/K) = M;. And
Gk — Gal(K(al/p,bl/p,Ai/p)/K) = M; C Us(F,) gives us Reskery¥1 = XA, -
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For next step: Similarly, we have

Ga(Ag) /Ay = Bp(p—l)/2/5a(141) - Bp(p—l)/%/(Alﬁp) e K(al/p7b1/p7Ai/P)*p
and

5b(Az)/As =1 € K(a'/?,b1/P A}/PYyP.
And we know from last paragraph, Gal(K(al/p,bl/p,A}/p)/K) is generated by
Ga, 0p. Hence for any o € Gal(K (a'/?,b/P Al/p)/K) we have 0(A2)/As € K(al/p7b1/p7A1/p)*p
Therefore, K (al/?,b1/P, A}/?, 1/p)/K is a Galois extension.

Lift 74,0p,04, to Gal(K(a 1/p,b1/p,A}/p, é/p)/K). And we still denote the
lifting as ¢,,0p,04, by a little abusing notation. Similarly, we will check that
04,0p are mapped to s,tg € My and they satisfy the relations in the definition of
M.

By lemma [25]

&a(Aé/p) C]zAl/pbl/p/B /Al/p
for some j> € F),. By equation (3), we have

p—1

H 1/P AIH 51) 1— z /b -1

=0

- p_l .
s ( 1/P 1/I)bH~z 3)/H&2(A}/l)) :Aé/p
=0

Hence o2 = 1.
We have 74(As) = Az, so ab(Al/p) C;fAé/p for some iy € Fp. So ) =1
We have

a

— o 1, op=l
P 1(A;/p) _ Cp Jo JlAé/pA}/p/cra 1(6172 )

~_ 1 —i 1

Ty 1(A2/p) =G 2A2/p
Gan (A7) = G5, 5, (A7) = G Ay
Hence o) = 1.

1,41 1
0a04,0, - Al(A2/p) = <pA2/p
Define 64, = 6404,0, ‘04, . Then 6% = 1. And one can check
GaGa,0, 0 n) =1,0004,0, 040 =1,04,04,04,04, =1
These imply that o,, o, satisfies the relations in the definition of M. And G4,,04,
plays the role as ¢y, t5. Hence we have an isomorphism Gal(K (a'/?, b/, A}/p, Aé/p)/K) =
M. It determines a proper defining system G — Gal(K (a'/?,b/?, AP AYPYR) =
M, C U4(]Fp) C U5(Fp). And ReSkerXng = XAs-
The general case can be checked by a similar process, and the calculation is

tedious. We omit it here.
O

Remark 24. The proof for the case M; is the same as the proof of theorem @ in
IMT16| and [Sha99]. We just imitate the proof and get the generalized result. But
the calculation becomes more and more tedious.
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Now, if we have xy U 1y = 0, we can construct a Galois field extension and it
corresponds to a proper defining system. How do we get all proper defining systems?

We need the following definition and lemma.

Definition 4. The proper defining system we get by the way in Lemma 26]is called
the standard proper defining system.

By previous lemmas, fix y and 1y, the standard proper defining system depends
on the choice of a, b, 5 and choices of the lifting of o, and oy.

Lemma 27. All proper defining systems with respect to x can be obtained from the
standard proper defining system by operations in lemma[§ and remark 11}

Proof. Assume we have a proper defining system p,, : Gx — Uy,11(F,),n < p.

Lox () () () - *
01 x () () -+ Yoo
=100 0 1 x (X
00 0 0 1 ~x
00 0 0 0 1 1
oo 0o o 0 0 1 |

Then xy U1y = 0. By lemma we can get a standard proper defining system:

Lo ) () () *
01 x () @) n-2
=100 0 1 x &) v
00 0 0 1 x ¢
00 0 0 0 1
oo 0o 0o 0 0 1 |

where 19 = 1). Assume t); = 9] for 0 < i < m. Then by lemma [g]

M1 X (g) E’BC) éi; .. . % b
o 1 x () G - h—2 = Yn—2
-0 1 x (3 - (m)fu) Vi1 — Ymt1
0o --- 0 1 X - (:fl 0
00 0 0 1 x () 0
0 0 0 0 0 1 X 0
0 0 0 0 0 0 1 0

| 0 0 0 0 0 0 0 1 ]
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is a proper defining system that is induced by the following defining system:

1T ox 3 &) G *
01 x (3) (&) -~ VYo vn

0 0 0 1 X ()2() ;n+3 - ¢m+3
0 0 0 0 1 X ;,1+2 - ¢m+2
00 0 0 0 1 %, ¥neo
0 0 O 0 0 0 1

It has a smaller size. Continuing similarly, we can see that the standard proper
defining system can generate all proper defining systems by operations in lemma
and remark [T1]

O

In the lemma[26] we can construct a standard proper defining system from a field
extension. Conversely, we can get a field extension from a proper defining system.

Lemma 28. Given a proper defining system p, : G — U,y1, the fived subfield by
ker p,, can be written in the form

K < a'/?, by'?, (Ao,1b1) VP, (Ao2A11b2) P, (Ao 3 A1 2 Az 1b3) P, >
o (Aom—2A1n-5- - Ap_91bn_)'/P

where a, by, by, ,by_o € K and there exist B; € K (a'/?) satisfying that Nmje(q1/py/ 5 (Bi) =

k
b for 0<i<n—3and A;; =[] } Js(ﬁ-(j))

3

Proof. The result directly follows from lemma [27] by using the correspondence be-
tween the standard proper defining system and M,,-field extension.

Another method to check the lemma is by using the same method in the proof
of 1emma Check that the field extension is Galois extension and 7, and 7y, are
generators of M,, and satisfy the relations and have the same size. The calculation
will become tedious; we omit it here. ([l

Now, back to our case that K is a number field. Instead consider the group
Gr = Gal(K**?/K), we consider the group Gx s = Gal(K*/K). For a defining
system p, : Gg.s — Upi1, the subfield L fixed by kerp, is a field extension
that is unramified outside S. Conversely, if we have a field extension L/K that is
unramified outside S and Gal(L/K) is isomorphic to a subgroup of U, 1, then we
have a defining system p,, : Gx.s — Gal(L/K) C U,;1. We need the following
known fact.

Lemma 29. Let K be a number field containing p-th root of the unit. Let a € K*
and p be a prime that does not divide p, then K(a'/?)/K is unramified at p if and
only if the valuation vy(a) =0 mod p

Now, we apply all we have to the case [5.1.1] where K is an imaginary quadratic
field and p splits in K and the size of the class group hx is prime to p. Notations
as the beginning of case and the beginning of this subsection recall that
the character x is Gg,s — Gal(K1/K) =2 F, where K7 = KQ;.

Here is a reminder that in the previous, we assume ¢, € K. To determine when
the Massey product relative to a certain defining system vanishes in H?(G, ),
we can restrict all cochains to Gk (¢,) and consider the Massey product vanishing
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inside H%(G K(¢p)s Hp)- Hence, we may apply previous results if we only care about
when the Massey products vanish.

Lemma 30. Let g € H (G5, pp) = K* N Kg'/K*P correspond o € K* N
K /K*P. Then x U = 0 if and only if that log,(c) = 0 mod p* where log,, is
the p-adic log.

Proof. Let pOg = popo and pOk, = pip1. Let K,, and Kp, be the comple-
tion of K at prime po and po respectively. Similarly for the definition K, and
K;5,. We will use Poitou-Tate Duality which is the theorem 8.6.7 in [NSWO8|.
We use the same notation as in chapter 8.6 of [NSWO08|. Take A = p, then
A" = Hom(pp, 0%) = F, as Gk,s module. Lemma 8.6.3 in [NSWO8| tells us
I (Gk s,F,) = Hom(Clg(K),F,) = 0. By theorem 8.6.7 in [NSW08|, We have
UI%(Gk s, pp) =2 N (G s5,Fp)Y = 0. This implies that the map H*(G ks, f1p) —
HQ(GKpoaMp) & HQ(GKEO,,up) is injective. The cup product y U vy vanishes in
H?*(Gk.s,pp) if and only if Resy U Resiy vanishes both in H2<GKp0aMp) and
HQ(GKE0 s Hp)- Inlocal field Ky, , xUtpo vanishes if and only if o € Nmp, | /x, (K7 ,,)-
One can check that K,, = Q, and K;p,, = Q, which is the completion of Q;
at p. And Qi ,/Q, is totally ramified degree p extension. We can decompose
Q; = p? ®F; & (1 + pZy) since p is odd and Z3 = F; & (1 + pZ,) = F; & Z,
is given by ¢ — (¢t mod p,log,(t)/log,(1 + p)). By local class field theory, we
have Nmp, . /x, (K7, ) = Z®F, @ (1+ p°Zy) as a subgroup of Q;. We have
a € Nmg, , /K, (K{,,) if and only if log,(a) = 0 mod p?. And similar story
happened when we complete at py. Hence logp(a) = 0 mod p? if and only if
XUt =0

(Il

Remark 25. The value log, a depends on the embedding K — Q7. But the cri-
terion log,(«) = 0 mod p* does not depend on the embedding. In fact, by kummer
exact sequence and p t hg, we can write « = pSP for u € Ok and g € K*.
Then Nmg /q(p) = p™ for some integer m up to a root of the unity, which is killed
by p-adic logarithm. For two different embeddings ¢y, t5 : K — Q;7, we have

log,,(tp()) +log, (t5(a)) = log,(Nmg/g(a)) =0 mod P2
Hence, the criterion log, (o) = 0 mod p? does not depend on the embedding.

Here is the relation between our result and the classical result Gold criterion
[Gol74]

Theorem 31. Let K be an imaginary quadratic field, p t hx, p splits in K i.e.
pOk = popo. Take (o) = pg", then A > 2 & the cup product x Ua = 0 &
log,(a) =0 mod p? & o=t =1 mod p§ where log,, is p-adic log.

Proof. We only need to prove the last equivalent relation. Complete K at py, We
have Ky = Q, and a € Z; = F; & 1 + pZ,. And log,(a) = 0 mod p? = ac
F*@®1+p*Z, <= o' =1 mod p? in Q, <= o?' =1 mod p§ in K. O
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Let py, : Gk,s — Uny1 be a proper defining system.

Lx () () ) - =
01 x (3) () Yo
m=10 0 0 1 x (X
00 0 0 1 'y
00 0 0 0 1 1
00 0 0 0 0 1

When restricted on Gk, s = ker x, the cochain ¢; € C'(Gk s, u1,) becomes a cocycle
in C'(Gk, .5, tip)- S0 Resay, s corresponds to a cocycle (o — U(Ag/p)/Ag/p) for
some A; € K N Kg" and the cocycle depends on the choice of Ai/ P since we do
not have p, € K. Assume that the Massey product relative to a proper defining
system py, : G s — Up41 vanishes, i.e. there exists a cochain ¢,,—1 € C(Gk s, f1p)
fitting in the lifting p,, : Gx s = Un1.

Lox (3) () () 0 ve
01 x () () Yoo
=100 0 1 x (X
00 0 0 1 ~x
00 0 0 0 1 1
oo 0o 0 o0 0 1

Similarly, Resg,, s¥n—1 is a cocycle and corresponds to a element A,_; € K7 N

K;p. Let p), : Gk — Gk.s LN Un+1 be the composition of Gx — Gk, s and py.
Then p, is a proper defining system over Gx. Then the Massey product relative
to pl, also vanishes. Then there exists a cochain ¢],_; : Gxg — p, fitting in the
cochain p!, : Gx — Upy1.

L ox (3) é%fg (i; e Y
01 x () () - tao
=100 0 1 x (&)
00 0 0 1 x
00 0 0 0 1 4
00 0 0 0 0 1

And Resg,, ¥;,_1 is a cocycle in C'(Gk,, pp) and corresponds to A/, _; € K;. By
definition of Massey product, we have d(¢],_; — ¥,—1) = 0. Hence 9], 1 — ¥n_1
a(fM7)

775 for some f € K*.
When restricting on Gg,, we have fA, 1 = A/ _,. We remark here that we have
to choose the p-th root of A,,_1, A’ _,, f properly so that cocycles are compatible.
A different choice of p-th root of A; changes the corresponding cocycle a multiple
of (o — %) And xU (o — UC—CP)
the Masseypproducts vanish. Thergfore, we do not need to care too much about the
choice of the p-th root of the element. For our purpose, the key is that there exists

is a cocycle in C'(Gg, pp) which corresponds to o —

) = 0. For our case now, we care about when
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f € K* such that fA,_; = A],_, where 4,1 € Kf N K¢’ and A),_; € K{. By
lemma we have an element A € K7 N K if and only if the valuation v,(A4) =0
mod p where p does not divide p.

Now we combine all we have and explain how our numerical criterion works:

(1) The Iwasawa invariant A > 1, always true.

(2) The Iwasawa invariant A > 2 & log,a = 0 mod p?, where log,, is the
p-adic log (Reason: lemma .

(3) Assume A > 2 is true, then y Ua = 0 <= 3 € K{ s.t. Nmg, /x(8) = a.
Define A} = H‘;:Ol o'(B") € K; , where o is the generator of the group
G/N = Gal(K,/K) =F,

Claim: There exists oy € K* s.t. vp(agA]) = 0 mod p for all p { p,
where v, is the valuation corresponding to prime ideal p. (Reason: by pre-
vious argument, the difference between "correct" A; and A} we constructed
is an element in a; € K*. We want a1 A} to be our A;.)

Then A > 3 <= xUa; = 0 <= log, a1 =0 mod p?(Reason: Let 1], )
be the cochain in C* (G, 1) corresponding to A} and Aj = [[7, o (310~1/2).
Over Gk, we have x U{ + (X) Uty = —dipy. Restrict on Grk,, through
Gk — Gk,,, we have y U (7 |GK;:0 —|—(’2<) U g |GKPo: —dy), |GKpo' Let
1 € CH(Gk,s, pp) correspond to the A;. Restrict to Gk,,, the Massey
product x U + (’2() Ut = x U] + (’2‘) U + x U (1 — }) vanishes
in H*(Gk,,,pp) if and only if x U (Y1 — ¥1) |, = Oie xUar =0
in H*(Gk,,,pp)- A similar argument as lemma we have the Massey
product vanishing if and only if log,(a1) =0 mod p?. Notice that we can
not directly use lemma [30] since ; may not be in H*(Gg s, pp). How-
ever, since we have restricted ¢; — ¢} on G Ky, » We can directly work in
H*(G Ky tp). And similarly, restricting on G Kj,» We get the same result.
Since H*(G ks, 11p) — HQ(GKFO,M;)) & HZ(GK;;OvMp) is injective, we con-
clude the Massey product vanishing if and only if log,(a;) =0 mod p?.)

(4) Assume A > 3, then x Ua; = 0 <= 361 € K7 sit. Nmg, x(f1) = a1,
(Reason: the cup product y U a; should be viewed in H?(G, j,)). Define
AL = [1P=, o (B7~1V/?) € K} and B} = [[°2, 0*(8i) € K}. (Reason: we
want the Massey product vanishing on Gk first. So we construct Af and
B correspond to the cocycle in this way. See lemma [26] and lemma )

Claim: There exists ap € K* s.t. vy(agA5B]) = 0 mod p for all p ¢
p.(Reason: similarly to the previous case, the difference between "correct"
As and A, BY is an element ag € K*.)

Then A > 4 <= xUaz =0 <= log, az =0 mod p? .(Reason: similar
as previous case.)

(5) continues in a similar way - - -

Remark 26. Easy to see by the construction and definition, the choice of §; and «;
won’t influence the numerical criterion.

Remark 27. The numerical criterion is not entirely satisfactory: it only guarantees
the existence of the elements 3; and «;, while we do not have a good algorithm that
allows us to compute them quickly. In SageMath, however, there are algorithms
for solving norm equations. More precisely, if L/K is a field extension and o € K,
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SageMath can find an element S € L satisfying
Normyp,/x(8) = «,

provided that such a (3 exists.

The difficulty is that the available algorithms are not polynomial-time algo-
rithms, and their running time can become prohibitively large when the discrimi-
nant of the field is large, which make us difficult to compute §; and «; quickly. In
our setting, however, we know a priori that the relevant norm equations admit solu-
tions, namely the elements §8; and «; whose existence has already been established.
This additional information may allow for a more efficient algorithm tailored to our
particular situation.

I hope the following lemma can inspire people to come up with explicit numerical
criteria, though I can not do it.

Lemma 32. Let K be a imaginary quadratic field, p1 hy, p split in K i.e. pOx =
popo. Let pp, : Gxs — Uni1 be a defining system. Then the Massey product
(X1, X2: "+ s Xn)p, Telative to a defining system p,, vanishes over Gg s if and only
if it vanishes over Gy

Proof. We have the following commutative diagram.

It induces the following diagram.

H*(Gg.s,pp) — H*(Gk,,, 1p) ® H* (G, 1)

I

H2<GK7M;D)

The row is an injective map by Poitou-Tate Duality (See proof of lemma . The
column is an inflation map. If the Massey product vanishes over G g, then after
the inflation map, it vanishes over G . If the Massey product vanishes over G,
we restrict on local field, then it vanishes over G Kpq and G Ky, - Since the row map
is injective, it vanishes in Gk g. (Il

Remark 28. By the following well-known exact sequence:
H (G, ) *== H* Gy ) = H Gy 1)

The Massey product Z?;OI (’;) U; in our case will be zero when restrict on G, .
Therefore, there exists x, € H' (G, pp) such that x U x; = Z?:_()l (X) U

5.1.3. case 2. Let K be an imaginary quadratic field and C1(K)[p>] be a nonzero
cyclic group. Assume p remains prime over K/Q, i.e. pOg = po. Then there is
only one prime that is ramified in the Z, cyclotomic extension K C K; C Ky C
-++ C K. Let I be an ideal in K such that [I] # 0 € CI(K)[p]. Let « be the
generator of the principal ideal IP.
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Theorem 33. Let K be an imaginary quadratic field and C1(K)[p™] be a nonzero
cyclic group. Assume p remains prime over K/Q and n > 2. Assume A > n — 1.
Then A > n < n-fold Massey product (x, X, - X, ) is zero with respect to a proper
defining system.

Remark 29. It is well known that A > 1 is always true in the case.

proof of theorem [33
In this case, we have C1(K;)[p™]* = 0 by Proposition 13.22 in [Was97|. We have

Dy is a subgroup of C1(K;)[p>°] generated by p;. Hence D; = D}t = 0 by definition.
Therefore, we have Clg(K;)[p™] = Cl(K;)[p>] = CI(K;)[p>°]~. Our case satisfies
conditions in lemma [T§] We have X = X, and A = A..

By the exact sequence ,

0 — Cls(K)/p=TF, = H* (G5, 1p) = Br(Ox[1/p])[p] =0 — 0
We have H?(Gk.,s, ttp) = Fp. The theorem [14]implies
A = Aes = min{n|¥™ £ 0} — 1+ 1 = min{n|¥T™ £ 0}.
By the exact sequence (1)),
0 Ok s/p=F, = H (G s, pp) — Cls(K)[p] 2 F, — 0

we know that H(G K,9, Mp) is generated by p and a. A similar argument as in
theorem we know p has p cyclic Massey product vanishing property. Similarly,
the Iwasawa invariant A > n < U@ = 0 for all 0 < i < n. Assume ¥ = 0
for all 0 < ¢ < n — 1, then by theorem Im ¥("~1) is generated by ¥~V ([a]).
So w1 = 0 if and only if ¥(»~Y([a]) = 0 i.e. the Massey product (x("~V, «)
relative to a proper defining system vanishes by theorem [0} [

5.1.4. case 3. Let K be an imaginary quadratic field and C1(K)[p>] be a nonzero
cyclic group. Assume p is ramified in K/Q, i.e. pOx = pZ. Then there is only one
prime that is ramified in the Z, cyclotomic extension K C K; C K» C -+ C K.
Let I be an ideal in K such that [I] # 0 € C1(K)[p]. Let a be the generator of the
principal ideal IP.

Theorem 34. Let K be an imaginary quadratic field and CL(K)[p*>] be a nonzero
cyclic group and p is ramified in K/Q and n > 2. Assume A > n — 1. Then
A > n & n-fold Massey product (x, X, - X,q) is zero with respect to a proper
defining system.

Remark 30. It is well known that A > 1 is always true in the case.

proof of theorem[37) .
Similar as Theorem we have C1(K;)[p>°]* = 0 and D, = D;" = 0 by definition.

These imply Cls(K;)[p>=]~ = CI(K;)[p>°]~ = CI(K;)[p>=]. By the exact sequence
(2,

0— Clg(K)/p=TF, = H*(Gg.s,itp) = Br(Ok[1/p])[p] =0 — 0
we have H?(Gk,s,pp) = Fp. Our case satisfies conditions in Theorem The

same argument as Theorem [33] gives us the conclusion.
(]
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5.2. Cyclotomic field. Let K = Q(pu,) where p, is the group of p-th roots of unit
as before. Let w : Gal(Q(u,)/Q) = (Z/pZ)* — Zj;, be the Teichmiiller character.
Let X be the Iwasawa module which is the inverse limit of the p-part of the class
group of Q(u,) with respect to the norm map. By Corollary 10.15 in [Was97],
Gal(Q(up)/Q) acts on X and X is decomposed as direct sum of eigenspace, i.e.
X = @l jeX where &; = 13317 wi(a)o,! € Z,[Gal(Q(ny)/Q)). Fix i =
3,5,-++,p — 2. Assume that ¢;Cl(K)[p] is cyclic, we have ¢, X = A/(f;) by
[Was97, Thm 10.16]. Notice that by Theorem 10.16 in [Was97], ¢;Cl(K)[p] is
cyclic if Vandiver’s conjecture holds. Let A; = deg(f;). Let I; be an ideal in K such
that [I;] # 0 € £;C1(K)[p]. Let a; be the lift of [I;] by the map e;H'(Gk,s, pp) —
g;Cl(K)[p].

Theorem 35. Let K = Q(up). Fizi=3,5,---p—2 and assume that £;C1(K)[p™]
is a nonzero cyclic group. Let n > 2. Assume \; > n— 1. Then \; > n < n-fold
Massey product €;(x, X, X, Qi) s zero with respect to a proper defining system.

proof of theorem[35 .
Our case satisfies the setting up in Theorem where k = Q, K = Q(up),
A = Gal(Q(pp)/Q). We have Cl(K;) = Clg(K;). By the exact sequence:

0 — &;Cls(K)/p=TF, = e;H*(Gk s, ltp) — €:Br(Ox[1/p])[p] =0 — 0
we have ¢; H?(Gk s, ttp) = F,. By Theorem we have
Ai = Aies = min{n|e; ™ +£ 0} — dimy,e; Br(Ok[1/p])[p] = min{n|e; ¥™ #£ 0}.
By the exact sequence:
0= £0% g/p=0— e;H (Gk,s, 1p) = €:CI(K)[p] =F, — 0

we know that ; H' (Gk s, i) is generated by «; by our definition. Assume \; > n—
1, then ¥ () |5iH1(GK,S7Q/In®Hp) =0for0<j <n—1. Solm \Il(nil)|5iH1(GK,s,Q/I"—1®Mp)
(n—1

is generated by WV iy s 0/rm-10p,) ([oa]). And WOV 6o a/me1gp,) ([ai]) =
g, U= (f) for certain cocycle f = Zz;g Yk € CHG,Q/I"! @ p,) such that

1o = a;. Hence £, ¥("~1) = 0 if and only if the n-fold Massey product g;(x, X, - - - X, ;) =

0 with respect to a proper defining system. (Il

Remark 31. This is a generalization of McCallum and Sharifi’s result of proposition
4.2 in [MS03|.
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